Abstract. We study preconditioning techniques for discontinuous Galerkin discretizations of isotropic linear elasticity problems in primal (displacement) formulation. We propose subspace correction methods based on a splitting of the vector valued piecewise linear discontinuous finite element space, that are optimal with respect to the mesh size and the Lamé parameters. The pure displacement, the mixed and the traction free problems are discussed in detail. We present a convergence analysis of the proposed preconditioners and include numerical examples that validate the theory and assess the performance of the preconditioners.
Introduction
The finite element approximation of the equations of isotropic linear elasticity may be accomplished in various ways. The most straightforward approach is to use the primal formulation and conforming finite elements. It is well known that such a method, in general, does not provide approximation to the displacement field when the material is nearly incompressible (the Poisson ratio is close to 1/2). This phenomenon is called volume locking. To alleviate locking, several approaches exist. Among the possible solutions, we mention the use of mixed methods, reduced integration techniques, stabilization techniques, nonconforming methods, and the use of discontinuous Galerkin methods. We refer to [11, 14] for further discussions on such difficulties and their remedies. In this work we focus on the Symmetric Interior Penalty discontinuous Galerkin (SIPG) methods introduced in [14, 15, 19, 20] for the approximation of isotropic linear elasticity. We have chosen to work with these DG discretizations, since we have in mind a method that is simple but still applicable to different types of boundary conditions. In fact, unlike classical low order non-conforming methods (see [11] ), the Interior Penalty (IP) stabilization methods introduced in [14, 15] can be shown to be stable in the case of essential (Dirichlet or pure displacement) boundary conditions, or natural (Neumann type, or traction free) boundary conditions. As a consequence, these IP methods provide a robust approximation to the displacement field and avoid the volume locking regardless the boundary conditions of the problem.
For the design of the preconditioners we follow the ideas introduced in [4] for second order elliptic problems. However, such extensions are not straightforward, since we aim at constructing preconditioners that work well for three different types of boundary conditions: essential, natural and mixed boundary conditions, used in linear elasticity. This complicates the matters quite a bit. We consider a splitting of the vector valued, piecewise linear, discontinuous finite element space, into two subspaces: the vector valued Crouzeix-Raviart space and a space complementary to it which consists of functions whose averages are L orthogonal to the constants on every edge/face of the partition. This space decomposition is direct and the spaces are orthogonal with respect to a bilinear form obtained via using "reduced integration" to calculate the contributions of the penalty terms in SIPG.
In the pure displacement case (essential boundary conditions), the restriction of the bilinear form based on reduced integration is coercive on the Crouzeix-Raviart space and is spectrally equivalent to the SIPG bilinear form. The space decomposition mentioned above is then orthogonal in this reduced integration bilinear form. Thus, in case of essential boundary conditions we have a natural block diagonal preconditioner for the linear elasticity problem: (1) a solution of a problem arising from discretization by nonconforming Crouzeix-Raviart elements; (2) solution of a well-conditioned problem on the complementary space.
For traction free problems or problems with Dirichlet conditions only on part of the boundary, the situation is quite different. On one hand the reduced integration bilinear form when restricted to the Crouzeix-Raviart space has a null space whose dimension depends on the size of the problem (see [11] ). On the other hand in the full SIPG bilinear form (without reduced integration) the space splitting discussed above is no longer orthogonal. Our approach in resolving these issues is based on a delicate estimate given in §3.1 which shows a uniform bound on the angle between the Crouzeix-Raviart and its complementary space in the SIPG bilinear form for all types of boundary conditions. Once such a bound is available we show that a uniform block diagonal preconditioner can be constructed.
The rest of the paper is organized as follows. We present the linear elasticity problem, the basic notation and discuss the DG discretizations considered in §2. Next, in §3 we introduce the splitting of the vector valued piecewise linear DG space and discuss some properties of the related subspaces. In section §4, we introduce the subspace correction methods, and we prove that they give rise to a uniform preconditioner for the symmetric IP method. The last section §5 contains several numerical tests that support the theoretical results.
Interior Penalty Discontinuous Galerkin methods for linear elasticity equations
In this section, we introduce the linear elasticity problem together with the basic notation and the derivation of the Interior Penalty (IP) methods and we discuss the stability of these methods.
2.1. Linear Elasticity: Problem formulation and notation. Let Ω ⊂ IR d , d = 2, 3, be a polygon or polyhedron (not necessarily convex) and let u be a vector field in
The elasticity tensor, which we denote by C, is a linear operator, i.e., C : IR d×d sym → IR d×d sym , acting on a symmetric matrix A ∈ IR d×d sym , in the following way: C A = 2µA + λ trace(A)I, where µ and λ are the Lamé parameters and satisfy 0 < µ 1 < µ < µ 2 and 0 ≤ λ < ∞. In terms of the modulus of elasticity (Young's modulus), E, and Poisson's ratio, ν, the Lamè parameters can be rewritten in the case of plane strain as: µ = E/(2(1 + ν)) and λ = νE/((1+ν)(1−2ν). The material tends to the incompressible limit (becomes incompressible) when the Lamé parameter λ → ∞ or equivalently when the Poisson's ratio ν → 1/2.
One can show that the linear operator C is selfadjoint and has two eigenvalues: (1) a simple eigenvalue equal to (2µ + dλ) corresponding to the identity matrix; (2) an eigenvalue equal to 2µ, corresponding to the 
We write ∂Ω = Γ N ∪ Γ D with Γ N and Γ D referring respectively to the subsets of the ∂Ω where Neumann and Dirichlet boundary conditions are imposed.
Let ε(u) = 1 2
(∇u + (∇u) T ) be the symmetric part of the gradient of a vector valued function u. The elasticity problem in primal formulation then is:
d , α > 0, which is the unique minimizer of the energy functional J (u), given by
d is a given surface force acting on Γ N ⊂ ∂Ω. The Euler-Lagrange equations corresponding to the minimization problem (2.2) give the following well known system of linear PDEs for the unknown displacement field u:
In the above equations, n is the outward unit normal vector to ∂Ω. The solution u vanishes on a closed part of the boundary Γ D (Dirichlet boundary) and the normal stresses are prescribed on Γ N (Neumann part of the boundary). In the traction free case (Γ N = ∂Ω), the existence of a unique solution to (2.3) is guaranteed if the data satisfy the following compatibility condition:
where RM(Ω) is the space of rigid motions, defined by:
where x is the position vector function in Ω and so(d) is the Lie algebra of skew-symmetric d×d matrices. In this case, the uniqueness of solution is guaranteed up to a rigid motion (and is unique, if we require that the solution is orthogonal to any element from RM(Ω)). In the case of Γ D = ∅ and closed with respect to ∂Ω no extra conditions are required to guarantee uniqueness. By considering the variational formulation of (2.3), the issue of solvability and uniqueness of the problem reduces to show coercivity of the associated bilinear form. As it is well known, for linear elasticity, this hinges on the classical Korn's inequality [10] which guarantees the existence of a generic positive constant C Ω > 0 such that: 
Trace operators (average and jump) on E ∈ E h . To define the average and jump trace operators for an interior face E ∈ E o h , and any T ∈ T h , such that E ∈ ∂T we set n E,T to be the unit outward (with respect to T ) normal vector to E. With every face E ∈ E o h we also associate a unit vector n E which is orthogonal to the (d − 1) dimensional affine variety (line in 2D and plane in 3D) containing the face. For the boundary faces, we always set n E = n E,T , where T is the unique element for which we have E ⊂ ∂T . In our setting, for the interior faces, the particular direction of n E is not important, although it is important that this direction is fixed. For every face E ∈ E h , we define T + (E) and T − (E) as follows:
(2.6) T + (E) := {T ∈ T h such that E ⊂ ∂T, and n E , n E,T > 0},
It is immediate to see that both sets defined above contain no more than one element, that is: for every face we have exactly one T + (E) and for the interior faces we also have exactly one T − (E). For the boundary faces we only have T + (E). In the following, we write T ± instead of T ± (E), when this does not cause confusion and ambiguity. For a given function w ∈ [L 2 (Ω)] d the average and jump trace operators for a fixed E ∈ E o h are as follows:
where w + and w − denote respectively, the traces of w onto E taken from within the interior of T + and T − . On boundary faces E ∈ E ∂ h , we set { {w} } = w and [[w]] = w. We remark that our notation differs from the one used in [1] , [3] , [2] (which is considered a classical one for the IP methods). We have chosen a notation that is consistent with the one used in [15] , where the IP method we consider was introduced for the pure displacement problem.
In addition, it seems that such a choice leads to a shorter and simpler description of the preconditioners we propose here. Finite Element Spaces. The piecewise linear DG space is defined by
where P 1 (T ) is the space of linear polynomials on T . The corresponding space of vector valued functions is defined as
For a given face E, we denote by
-projection onto the constant (vector valued or scalar valued) functions on E defined by
Observe that for w ∈ V DG the mid-point integration rule implies that P 0 E w = w(m E ) for all E ∈ E h , with m E denoting the barycenter of the edge or face E.
The classical Crouzeix-Raviart finite element space can be defined as a subspace of V DG , as follows: 
For any pair of vector fields (or tensors) v and w, we denote
For scalar and vector valued functions we also use the notation
We now derive, using the weighted residual framework [8] , the IP methods for the more general case of mixed boundary conditions. To present a short derivation of the methods,
Such assumption is not required for the methods to work. We present the derivation under such assumption in order to avoid unnecessary details which would shift the focus of our presentation on preconditioners.
By assuming that the solution of (2.3) is a priori discontinuous, u ∈ [H 2 (T h )] d , we may rewrite the continuous problem (2.3) as follows:
h . where we recall that Cε(u) = 2µε(u) + λ trace(ε(u))I. Following [8] , we next introduce a variational formulation of (2.13) by considering the following five operators
and weighting each equation in (2.13) appropriately. This then amounts to considering the following problem: 1 the uniqueness of the solution of (2.14).
To derive the IP method of interest, we take v piecewise smooth and we set B 0 (v) = v,
and integrating by parts the first term on the left side of (2.15) then leads to
, where, following [15] , the parameters β 0 and β 1 are chosen depending on the Lamé constants λ and µ:
The remaining two parameters, α 0 and α 1 , are still at our disposal to ensure (later on) stability and to avoid locking of the resulting method. We define (2.20)
and set
Then, the weak formulation of Problem (2.13) reads:
The bilinear form A(·, ·) is given by
where
It is straightforward to see that
To obtain the discrete formulation, we replace the function space [
DG , and we get the IP-1 approximation to the problem: Find u h ∈ V DG such that:
We could also consider the approximation given by the IP-0 method:
As we see next, the IP-0 method provides a robust approximation to the problem (2.3) in the pure displacement problem Γ D = ∂Ω. As we mentioned earlier, for other types of boundary conditions such equivalence in general does not hold.
Remark 2.1. Although we do not consider non-symmetric IP methods in this paper, let us remark that non-symmetric versions can be easily incorporated in the definition of B 1 (v). For example, by setting:
, we obtain a non-symmetric bilinear form for the values θ = 0 or θ = 1. Such values of θ correspond to the Incomplete Interior Penalty (IIPG, θ = 0) and Non-symmetric Interior Penalty (NIPG, θ = 1) discretizations, respectively.
Stability Analysis.
We close this section presenting the stability and continuity results pertinent to our work. We start by introducing some norm notation.
0,E , and norms:
For v ∈ V DG we define the norms
DG the norms (2.28) and (2.30) are equivalent. We finally introduce the norm:
2 * . Notice that continuity of the IP-1 and IP-0 bilinear forms with respect to the norm (2.28) follows easily from Cauchy-Schwarz inequality together with the bound on the maximum eigenvalue of C, i.e., for all
The equivalence of the norms (2.28) and (2.30) for any v ∈ V DG guarantees therefore the continuity of the IP-1 bilinear form with respect to the norm defined in (2.30) for finite element functions.
The solvability of the discrete methods (2.25) and (2.26) is guaranteed if and only if, a discrete version of the Korn's inequality holds on V DG . In [7] the following discrete Korn inequality is shown for [
is the L 2 -orthogonal projection onto the space of piecewise linear vector valued functions on E h (or a subset of it).
Coercivity of the IP-1 bilinear form with respect to the norm (2.30) can be easily shown by taking u = w = v in (2.24):
Using Cauchy-Schwarz, trace and inverse inequalities together with the arithmetic-geometric inequality and the bound on the maximum eigenvalue of C it follows that
Hence, we finally have
and therefore by taking α 0 = max (1, 4C t (1 + C inv )) (sufficiently large) we ensure the coercivity of A(·, ·) with respect to the · DG -norm with constant independent of h, µ, and λ. Using now (2.32) (since the norm (2.30) contains the full jump) we conclude that A(·, ·) is coercive with respect to the · H 1 (T h ) -norm (2.31). Therefore the IP-1 method defined by (2.24) provides a robust approximation to (2.3) and does not lock as λ → ∞.
As we mentioned earlier, in the pure displacement case (Γ D = ∂Ω, Γ N = ∅) the bilinear form A 0 (··) defined in (2.23) is coercive. Indeed we may use the identity (which holds for C ∞ 0 (Ω) functions):
and rewrite the volume term in (2.23) (also in (2.24)) as follows:
Then, from the discrete Poincaré inequality [12, 6] , the resulting modified bilinear form for A 0 (·, ·) is now coercive in V DG with respect to the · H 1 (T h ) norm, with coercivity constant independent of h and λ;
Therefore, the discrete problem (2.26) is well posed and the IP-0 method is stable and robust (locking free in the limit λ → ∞). Notice that in (2.35) we are using the · H 1 (T h ) -norm which includes not only the norm |P 
The above lemma guarantees that for the pure displacement problem, constructing a uniform preconditioner for the IP-1 is equivalent to constructing a uniform preconditioner for the IP-0 method (see [4] ). For linear elasticity equations, unlike for scalar equations, this can be done only when Γ D = ∂Ω.
For a detailed derivation and error estimates, we refer to [15, Theorem 2.5].
Space decomposition
We present now a decomposition of the DG space of piecewise linear vector valued functions that plays a key role in the construction of iterative solvers. This decomposition was introduced in [4] for scalar functions and also in [9] in a different context. Its extension to vector valued functions is more or less straightforward. We omit those proofs which are just an easy modification of the corresponding proofs in the scalar case. However, we review the main ingredients and ideas behind such proofs, since they play an important role in the analysis of the preconditioner given later on. In the last part of the section we give some properties of the spaces entering in the and prove a result that is essential for showing that the proposed preconditioner is uniform.
Following [4] we introduce the space complementary to
h . The corresponding space of vector valued functions is
To describe the basis functions associated with the spaces (2.11) and (3.2), let ϕ E,T denote the scalar basis function on T , dual to the degree of freedom at the mass center of the face E, and extended by zero outside T . For E ∈ ∂T , E ′ ∈ ∂T , the function ϕ E,T satisfies
and also we have
For all u ∈ V DG we then have
where in the last identity we have just changed the order of summation and used the short hand notation ϕ ± E (x) := ϕ E,T ± (x) together with
Recalling now the definitions of T + (E) and T − (E) given in (2.6) we set
h . Some clarification is needed here. Note that from the definition of ϕ E,T + (E) and ϕ E,T − (E) for an interior edge E ∈ E o h , it does not follow that their sum is even defined on the edge E, since it is just a sum of two functions from L 2 (Ω). However, the sum (ϕ E,T + (E) + ϕ E,T − (E) ) has a representative, which is continuous across E and this representative is denoted here with ϕ 
Here e k , k = 1, . . . , d is the k-th canonical basis vector in IR d . Hence by performing a change of basis in (3.3), we have obtained a "natural" splitting of
provides a natural basis for the DG finite element space. This is summarized in the next proposition.
Proposition 3.1. For any u ∈ V DG there exist unique v ∈ V CR and a unique z ∈ Z such that
The proof of the above result follows by arguing as for the scalar case in [4, Proposition 3.1], but proceeding componentwise. The next Lemma shows that the splitting we have proposed is orthogonal with respect to the inner product defined by A 0 (·, ·).
The proof follows straightforwardly by using the weighted residual formulation (2.15)-(2.23) and the definition of the spaces V CR and Z .
3.1. Some properties of the space Z . We now present some properties of the functions in the space Z . We start with a simple observation. From the definition of the spaces V CR and Z it is easy to see that
Applying the Schwarz inequality, one then gets the following estimate
which is a straightforward way to see that the restriction of the IP-1 and IP-0-bilinear forms (even for θ = 0, 1 as in Remark 2.1) to the space Z are coercive in the · H 1 (T h ) -norm (2.31) (regardless whether the boundary conditions are Dirichlet, Neumann or mixed type). Therefore the resulting stiffness matrices are positive definite.
The next result provides bounds on the eigenvalues of A 0 (·, ·) and A(·, ·), when restricted to Z . Lemma 3.3. Let Z be the space defined in (3.2). Then for all z ∈ Z , the following estimates hold
, and also,
, where β 0 and β 1 are as defined in (2.19).
Proof. Arguing as in [4, Lemma 5.3] (but now componentwise for vector valued functions)
one can show that (due the special structure of the space Z ).
From the coercivity of A 0 it follows then
Similarly, the L 2 (E h ) stability of the projection P 0 E together with the coercivity of A gives
and so, the lower bounds in (3.9) and (3.10) follow. We next show the upper bound in (3.9), and the upper bound in (3.10) is obtained in an analogous fashion. Using (2.33) together with (2.1) we get
Hence, the upper bound in (3.9) follows in a straightforward fashion using the trace and inverse inequalities together with the obvious inequality ε(z) 0,T h ≤ ∇z 0,T h .
We close this section with establishing a uniform bound on the angle between V CR and Z in the inner product given by the bilinear form A(·, ·). The estimate is given in Proposition 3.4. It plays a crucial role in bounding the condition number of the preconditioned system.
We remind that E ∈ E h denotes a (d − 1)-dimensional simplex (a face), which is either the intersection of two d-dimensional simplices T ∈ T h or an intersection of a d-dimensional simplex T ∈ T h and the complement of Ω, i.e., E = T ∩ (IR d \ Ω). In the former case, the face E is called an interior face and in the latter it is called a boundary face.
The proof of Proposition 3.4 requires arguments involving the incidence relations between simplices T ∈ T h and faces E ∈ E h , and estimates on the cardinality of these incidence sets. For the readers' convenience, we provide a list of such estimates below.
• We define N 0 (E) to be the set of d-dimensional T ∈ T h simplices that contain E:
By definition, for the cardinality of this set we have |N 0 (E)| = 2 for the interior faces and |N 0 (E)| = 1 for the boundary faces.
• We define the set of neighbor (or neighboring) faces N 1 (E) to be the set of faces which share an element with E:
From Proposition A.1 (see Appendix A) we have that |N 1 (E)| ≤ (2d + 1).
• Next, we define N 2 (E) to be the set of faces which share at least one neighboring face with E:
We finally give Proposition 3.4. To avoid unnecessary complications with the notation, we state and prove the result for scalar valued functions. The proof for vector valued functions is easy to obtain, and with the same constant, by just applying the scalar valued result component-wise.
Proposition 3.4. The following inequality holds for z ∈ Z :
with a constant ρ ≥ 1 which depends on the shape regularity of the mesh.
Proof. Since P 0 E is the L 2 orthogonal projection on the constants, we have that
, and hence, we may conclude that
Here we have denoted by D : IR |E h | → IR |E h | a diagonal matrix with non-zero elements
and byz ∈ IR |E h | the vector of coefficientsz = {z E } E∈E h in the expansion of z ∈ Z via the basis {ψ
Further we consider the right hand side of (3.16) and we have
In the last identity above, we have used (3.14) . Note that according to (3.15) , if
From this identity and (3.12) and (3.13), we obtain that
we obtain that
This inequality can be rewritten as
Sz,z ≤ Dz,z and hence
Note that (3.17) implies that
and thus Sz,z ≥ Dz,z . This shows that ρ ≥ 1 in (3.19) . It remains to show that ρ can be bounded by quantities depending only on the shape regularity of the mesh. Again, by (3.15) we have that: if
Hence:
The quantity on the right side of this estimate only depends on the shape regularity of the mesh and the proof is complete.
Remark 3.5. We remark that the constants in Proposition 3.4 can be sharpened, at the price of further complicating the proof. The result given above is sufficient for our purposes, and we do not further comment on the possible "optimal" value of the constant ρ above. Another relevant observation is that the inequality in Proposition 3.4 holds true, with the same or even smaller ρ, if we replace
16). The proof is completely analogous (just E
o h ∪ E D h is replaced by E).
Preconditioning
In this section, we present the construction and convergence analysis of the preconditioners we propose for the considered IP-methods.
To construct the preconditioners, we use the subspace splitting given in Proposition 3.1, which suggests a simple change of basis. We have that for any u, w ∈ V DG , we can write u = z + v, and w = ζ + ϕ, where z, ζ ∈ Z and v, ϕ ∈ V CR . Therefore, by performing this change of basis we can write A(u, w) = A((z, v), (ζ, φ)). The A 0 -orthogonality (3.8) of the subspaces in the splitting gives
which implies that the resulting stiffness matrix of A 0 in this new basis is block diagonal. For the pure displacement problem (Γ N = ∅), as discussed in Section 2.4, the spectral equivalence given in Lemma 2.2, guarantees that an optimal preconditioner for A 0 is also optimal for A. Therefore it is enough to study how to efficiently solve each of the blocks in the above block diagonal structure of A 0 : the subproblem resulting from the restriction of A 0 to Z and the subproblem on the space V CR . For traction free or mixed type of boundary conditions, although a preconditioner for A 0 does not result in an optimal solution method. However, the block structure of A 0 in the new basis already suggests that a reasonable choice for an approximation of A(·, ·) is
The following algorithm describes the application of a preconditioner, which is based on the bilinear form in the equation (4.1).
Then the action of the preconditioner on r is the function u ∈ V DG which is obtained from the following three steps.
3. Set u = z + v.
As before, the application of this preconditioner corresponds to solving the subproblem of the restriction of A(·, ·) to Z and the subproblem of the restriction of A(·, ·) to V CR . We now briefly discuss how the two smaller sub-problems can be efficiently solved in both cases: (1) the case of Dirichlet boundary conditions on all of ∂Ω; and (2) the case of Neumann or mixed boundary conditions. Solution in the subspace Z: Lemma 3.3 guarantees that the restriction of A(·, ·) and A 0 (·, ·) to Z is well-conditioned with respect to both, the mesh size and the Lamé constants λ, µ. Therefore, the linear system corresponding to the subproblem of the restriction to Z can be efficiently solved by the method of Conjugate Gradients (CG). A simple consequence of the well known estimate on the convergence of CG (see, e.g., [18, 16] ) shows that the number of CG iterations required to achieve a fixed error tolerance is uniformly bounded, independently of the size of the problem and the parameters. Solution in V CR : We now briefly discuss how to construct a uniform preconditioner for the corresponding subproblem on the space V CR . Rather than developing a completely new method, the idea is to use the optimal preconditioners that have already been studied in literature, and modify them if needed so that they fit in the present framework. For our discussion, we distinguish two cases: the pure displacement problem (Γ N = ∅) and the case with mixed or traction free boundary conditions (Γ N = ∅).
• For the case of Dirichlet boundary conditions on the entire boundary-the so-called pure displacement problem-it is known how to construct optimal order multilevel preconditioners that are robust with respect to the parameter λ, see e.g. [5, 17, 13] and the references therein.
• The traction free problem or the case of mixed boundary conditions is more difficult to handle because the (discrete) Korn inequality is not satisfied for the standard discretization by Crouzeix-Raviart elements without additional stabilization, as was shown in [11] . The design of optimal and robust solution methods for stabilized discretizations is still an open problem, however, auxiliary space techniques might bridge this gap soon.
4.1. Convergence Analysis. We now prove that the proposed block preconditioners are indeed optimal so that their convergence is uniform with respect to mesh size and the Lamé parameters. This result is given in Theorem 4.3. The following Lemma is crucial for this proof, since it gives estimates on the norm of the off-diagonal blocks in the 2 × 2 block form of the stiffness matrix associated to A(·, ·), corresponding to the space splitting V DG = V CR ⊕ Z . The result provides a measure of the angle between the subspaces V CR and Z , with respect to the A-norm. The proof of this result uses Proposition 3.4. 
where γ < 1 and γ depends only on α 0 , α 1 and the constant from Proposition 3.4.
Proof. We know that we can always choose α 0 large enough, such that for all u ∈ V DG we have
Then it is sufficient to prove that there exists γ = γ(α 1 ) < 1 such that for all z ∈ Z and for all v ∈ V CR the inequality
holds. By the definition of the spaces Z and V CR , on the boundary edges E ∈ E ∂ h we have
). Hence, from the symmetry of P 0 E we conclude that
Since for the interior edges E ∈ E o h we also have P 
The equation (4.2) and the Schwarz inequality then lead to
Next, the result in Proposition 3.4 (more precisely its vector valued form) implies that
which shows the desired inequality.
We are now in a position to prove that the preconditioner given by Algorithm 4.1 is uniform with respect to the mesh size and the problem parameters. 
The constant γ < 1 is the constant from Lemma 4.2.
Proof. Using Lemma 4.2 we have
and since −a 2 − b 2 ≤ 2ab ≤ a 2 + b 2 for any real numbers a and b we obtain
which is the same as
and thus (4.3) holds with the same constant γ < 1 as used in the estimate of Lemma 4.2.
Remark 4.4. Note that γ ≤ q < 1 is uniformly bounded away from 1 and this bound holds independently of the parameters h, λ, and µ.
Numerical experiments
In this section we present a set of numerical tests that illustrate our theoretical results. We consider the SIPG discretization of the model problem (2.3) on the unit square in IR 2 with mixed boundary conditions. For the penalty parameters in (2.20) we choose the values α 0 = 4 and α 1 = 1. The coarsest mesh (at level 0) consists of eight triangles and is refined four times. Each refined mesh at level ℓ, ℓ = 1, 2, 3, 4 is obtained by subdividing every triangle at level (ℓ − 1) into four congruent triangles. The CBS constants and the spectral condition numbers summarized in the tables below have been computed using MATLAB.
In Table 5 .1 we list the values of the constant γ 2 in the inequality stated in Lemma 4.2 for different levels of refinement. Evidently, γ is uniformly bounded with respect to the mesh size (or the number of refinement levels) and also with respect to the material parameters, Young's modulus E and Poisson ratio ν (see Remark 4.4). It can be seen from Table 5 .2 Table 5 .3.
Furthermore, we computed the relative condition number of the preconditioner B corresponding to the bilinear form (4.1) for the model problem on the L-shaped domain. The results of this experiment, which are listed in Table 5 .4, confirm the uniform bound provided by Theorem 4.3.
Finally, we computed the condition number κ(A zz ) of the matrix A zz related to the restriction of A(·, ·) to the space Z , again for the model problem on the L-shaped domain. In view of Lemma 3.3 we already know that A zz is well-conditioned, and this is clearly seen in Table 5 .5 where the values of κ(A zz ) are listed. Part of this work was completed while the fourth author was visiting RICAM, Austrian Academy of Sciences in Linz. Thanks go to the RICAM for the kind hospitality and support. The work of the first author was partially supported by the Spanish MEC under projects MTM2008-03541 and HI2008-0173. The work of the second author has been partially supported by the Bulgarian NSF, Grant DO 02-338/08. We also gratefully acknowledge the support by the Austrian Science Fund, Grants P19170-N18 and P22989-N18. The work of the fourth author has been supported in part by the US National Science Foundation, Grants DMS-0810982, and OCI-0749202.
Appendix A. Auxiliary results
A.1. Bounds on the cardinality of N 1 (E) and N 2 (E). We first recall the definitions of N 0 (E), N 1 (E) and N 2 (E), already given in §3.1: N 0 (E) := {T ∈ T h , such that E ∈ T }, N 1 (E) := {E ′ ∈ E h , such that N 0 (E) ∩ N 0 (E ′ ) = ∅},
In the proof of the strengthened Cauchy-Schwarz inequality §3.1 we needed several estimates on the cardinality of these sets and these estimates are given in the proposition below. We remind the reader that we have |N 0 (E)| ≤ 2.
Proposition A.1. The following inequalities hold:
(A.1) |N 1 (E)| ≤ (2d + 1) and |N 2 (E)| ≤ (2d + 1) 2 .
Proof. Let E ∈ E h be fixed. To prove the bound on |N 1 (E)| we consider the elements T ∈ T h , such that E ∈ T . In each such element T , there are exactly d faces E ′ ∈ T , E ′ = E. Since there are at most two elements T ∈ T h containing E we have at most 2d faces E ′ ∈ E h such that E ′ ∈ N 1 (E), and E ′ = E. Adding E itself to the total count gives |N 1 (E)| ≤ (2d + 1). The second bound given in (A.1) follows from the first and the following inclusion:
To show the above inclusion, we consider an arbitrary E ′′ ∈ N 2 (E). By the definition of N 2 (E), the intersection of N 1 (E ′′ ) and N 1 (E) is not empty. Equivalently, there exists E ′ ∈ E h such that E ′ ∈ N 1 (E ′′ ) and E ′ ∈ N 1 (E). On the other hand, from the definition of N 1 (E ′′ ), we have that E ′ ∈ N 1 (E ′′ ) implies that E ′′ ∈ N 1 (E ′ ), i.e., if E ′ is a neighbor of E ′′ , then E ′′ is a neighbor of E ′ . Putting this together, we conclude that: if E ′′ ∈ N 2 (E), then there exists E ′ ∈ N 1 (E), such that E ′′ ∈ N 1 (E ′ ), and this is exactly the inclusion we wanted to show. To prove the desired bound is then straightforward:
(2d + 1) = (2d + 1)|N 1 (E)| ≤ (2d + 1) 2 .
A.2. A multiplicative relation. This is to prove a basic relation used to derive (3.3) as well as (2.15) . Let ⊙ be a map V × W → U, where U, V , and W are linear vector spaces over the real numbers. We assume that ⊙ satisfies the following distributive laws:
and we assume that for all ξ ∈ IR and all η ∈ IR, we have:
(A.2) (ξa) ⊙ (ηb) = (ξη)(a ⊙ b).
We have the following identities, based on the definitions (2.7):
Proving this relation is indeed trivial. Some examples for which the reader should verify these identities are: (1) For real numbers a and b one may take as ⊙ the usual multiplication of real numbers; (2) a and b elements of a real Hilbert space and ⊙ inner product; (3) a and b are linear operators, and ⊙ is then the multiplication of linear operators. Note that in such case ⊙ is not necessarily commutative; (4) a is a matrix and b is a vector, or more generally, a is a linear operator and b is an element of a Hilbert space. From (2.7), we have that the right side of the identity (A.3) is
Using the distributive law, and (A.2) (linearity of ⊙ with respect to scalar multiplication), we have
